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1. Introduction

Many practical situations, especially in decision making, face us with the prob-
lem of aggregating sequences having not necessarily equal lengths. In such cases
not only the aggregated elements have impact on the overall evaluation, but also
the length of the sequence. This is the case of the bibliometric impact assessment
problem, which concerns aggregating the number of citations received by articles
published by authors having different productiveness. Of course, “raw” citations
are not the only way to measure the quality of a paper: we can use other indica-
tors, like impact factors of their journals, or citations which are normalized by the
scientific domain and the number of authors, cf. [3, 11, 20]. Other instances of this
issue include e.g. manufacturing, quality engineering, webometrics, evaluation of
open source software packages, see e.g. [7, 10].

Let us assume that the whole information on the “producer’s” (e.g. the au-
thor’s) performance is represented by a vector x ∈ I1,2,... =

⋃∞
n=1 In, where xi ∈

I = [0,∞] denotes the quality of his/her ith “product” (e.g. paper; of course,
how to measure the quality is a problem on its own). Our interest here lies in
finding a method that may be used to synthesize x so that his/her performance
may be described with a single numeric value. Bibliometricians generally agree,
see [8, 10, 17–19, 24–26], that such an aggregation function should be (a) nonde-
creasing with respect to the quality of individual papers, e.g. after increasing the
number of citations of a single article one should not get lower overall evaluation;
(b) nondecreasing with respect to the number of papers, e.g. an author cannot be
penalized if he/she publishes yet another paper, even if it has 0 citations at the
beginning; (c) symmetric, i.e. not depending on the order in which the aggregated
papers are being presented.

One example of such an aggregation method is the famous h-index [12]. Torra
and Narukawa showed that the h-index is equivalent to the discrete Sugeno in-
tegral with respect to the counting measure, see [23]. In fact, we will see that
many of the indices of scientific impact may be expressed as monotone (fuzzy,
not necessarily additive) integrals, like Choquet [5], Sugeno [22], or Shilkret [21]
– which have been known for over forty years. However, to the best of our knowl-
edge, except for [23], there are only two other papers which describe the connec-
tion between the monotone integrals and scientometrics. Beliakov and James [2]
consider applications of the Choquet integral-based classifiers to the problem of
ranking of scientific journals. Additionally, Bras-Amorós et al. [4] mention that
their bibliometric index based on the collaboration distance between cited and
citing authors corresponds to a Sugeno integral w.r.t. some fuzzy measure.
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The aim of this paper is to present a uniform model for the scientific impact as-
sessment problem (as well as other similar domains) via monotone measures and
integrals. Such a framework not only is very flexible, provides intuitive graphi-
cal interpretations for the aggregation process, and allows for constructing many
new and interesting classes that may be used to describe the scientific record of
a scientist. It also stands for another successful application of the fuzzy measure
theory.

The paper is structured as follows. In the next section we present an axioma-
tization of the aggregation operators, that are most often used in the post-Hirsch
bibliometric impact assessment of individuals. After reviewing the most promi-
nent impact functions, we recall the notion of a monotone measure, and universal
integral. In Section 3 we propose the uniform model that is based on universal
integrals, and in Section 4 we show how to obtain the indices currently applied
in practice, and also how to generate and compute very interesting new ones.
Section 5 concludes the paper, indicating some important issues concerning the
impact assessment task.

2. Preliminaries

One of the problems with the aggregation of vectors in I1,2,... is that in fact we
are required to introduce a family of functions, each operating on fixed-length vec-
tors. This is because if F : I1,2,... → I, then F may be written as F =

(
F(1),F(2), . . .

)
,

where F(n) : In → I. Thus, to achieve the main aim of the paper, we would have to
consider families of monotone measures and families of integrals. The resulting
model, although being interesting from the theoretical viewpoint, would be far too
complex for practitioners.

We will therefore focus on the so-called zero-insensitive aggregation opera-
tors, cf. e.g. [10]. In such case, each uncited paper is treated as non-existing.
Even though this setting may seem quite limiting, in fact most of the currently
used bibliometric impact indices do obey this property, see [1] and also Sec. 2.1.

Let us consider the space S of infinite nonincreasing sequences with elements
in I. Let ·̃ : I1,2,... → S be an operator such that x̃ = (x{1}, x{2}, . . . , x{n}, 0, 0, . . . ),
where x{i} denotes the ith greatest value in x.

Proposition 1. Let F : I1,2,... → I be an aggregation function. Then F is a zero-
insensitive impact function, i.e. it fulfills the following properties:

1. F(0) = 0 (lower bound);
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2. (∀n) (∀x, y ∈ In) (∀i) xi ≤ yi =⇒ F(x) ≤ F(y) (nondecreasingness),
3. (∀x ∈ I1,2,...) (∀y ∈ I) F(x) ≤ F(x, y) (arity-monotonicity);
4. (∀n) (∀x ∈ In) (∀σ ∈ Sn) F(x) = F(xσ(1), . . . , xσ(n)), where Sn denotes the

set of all permutations of {1, . . . , n} (symmetry);
5. (∀x ∈ I1,2,...) F(x, 0) = F(x) (zero-insensitivity);

if and only if there exists a nondecreasing function E : S → I, E(0, 0, . . . ) = 0,
such that for all x ∈ I1,2,... we have F(x) = E(̃x).

The proof is straightforward and therefore omitted.

2.1. A review of impact functions
From now on we consider only vectors in S. Some of the notable examples of

zero-insensitive impact functions are listed below.

• Total number of citations:

S(x) =

∞∑
i=1

xi, (1)

or, more generally, a weighted sum of elements of x ∈ S. This includes
e.g. “the total number of citations of 5 most cited papers”.

• The h-index [12]:

H(x) = max {h ∈ N0 : xh ≥ h} . (2)

with convention x0 = x1.

• The MaxProd-index [15]:

MP(x) = max {i · xi : i ∈ N+} . (3)

This index is a particular case of the (projected) lp-indices, p ≥ 1, see [9].

• The g-index [6]:

G(x) = max

g ∈ N0 :
g∑

i=1

xi ≥ g2

 , (4)

with convention
∑0

i=1 · · · = 0.
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• The w-index [26]:

W(x) = max {w ∈ N0 : xi ≥ w − i + 1 for all i ≤ w} . (5)

The h- and w-index is generalized by e.g. the class of rp-indices, p ≥ 1, see
[9].

• The h(2)-index [14]:

H2(x) = max
{
h ∈ N0 : xh ≥ h2

}
. (6)

Note that the h(2)-index is one of the many examples of very simple, direct
modifications of the h-index. Many authors considered other settings than
“h2” on the right side of (6), e.g. “2h”, “αh” for some α > 0, or “hβ”, β ≥ 1,
cf. [1].

and so on.
Note that, originally, many proposals for the bibliometric indices assumed that

we aggregate the number of papers’ citations, i.e. sequences with elements in N.
Generally, however, the paper quality measures may be arbitrary real numbers,
for example when citations are normalized according to the number of coauthors,
paper’s time of publication, quality of a journal, etc., see e.g. [11].

2.2. Monotone measures and integrals
Let (Z,A) be a measurable space, i.e. a nonempty set Z equipped with a σ-

algebra. We call µ : A → I a monotone measure (a capacity), if (a) µ(∅) = 0,
(b) µ(Z) > 0, and (c) µ(U) ≤ µ(V) for U ⊆ V . Note that a monotone measure is
not necessarily (σ-)additive. Moreover, letM(Z,A) denote the set of all monotone
measures.

A function f : Z → I is calledA-measurable if for each T in the σ-algebra of
Borel subsets of I, the inverse image f−1(T ) ∈ A. Let F (Z,A) denote the set of all
A-measurable functions f : Z → I.

Please note that for bothM(Z,A) and F (Z,A) natural partial orders �M and �F
may be constructed: we have e.g. f �F f′ if and only if for all z ∈ Z it holds
f(z) ≤ f′(z). Moreover, the spaces (M(Z,A),�M) and (F (Z,A),�F ) are lattices.

For further discussion we will also need the notion of pseudomultiplication.

Definition 2. A function ⊗ : I2 → I is called a pseudomultiplication, if:

1. it is nondecreasing in each variable, i.e. for 0 ≤ a1 ≤ a2 and 0 ≤ b1 ≤ b2,
we have a1 ⊗ b1 ≤ a2 ⊗ b2,
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2. it has 0 as the annihilator element, i.e. for all a ∈ I, a ⊗ 0 = 0 ⊗ a = 0,
3. it has a neutral element e > 0, i.e. for all a ∈ I, a ⊗ e = e ⊗ a = a.

Note that ⊗ is not necessarily associative or commutative. Standard multipli-
cation · (e = 1) and minimum ∧ (e = ∞) are particular examples of pseudomulti-
plication. On the other hand, e.g. maximum ∨ does not annihilate at 0, thus does
not fall into this class.

Which function shall be called an integral of f ∈ F (Z,A) is still a disputable
issue. Generally, it is agreed that an integral should map the spaceM(Z,A) ×F (Z,A)

into I, should be at least nondecreasing with respect to each coordinate, and for
f ≡ 0 it should “output” the value 0.

Here, we will use the notion of a universal integral, thoroughly discussed in
[13]. Let {u : f(u) ≥ t} ∈ A denote the so-called t-level set of f, t ∈ I. It is easily
seen that {u : f(u) ≥ t}t∈I forms a left-continuous, nonincreasing chain (w.r.t. t).
Thus, h(µ,f)(t) := µ({u : f(u) ≥ t}) is a nonincreasing function of t.

The following characterization of a universal integral was given in [13, Propo-
sition 2.7].

Definition 3. A universal integral corresponding to the pseudomultiplication ⊗ is
a function I :M(Z,A) × F (Z,A) → I given by:

I (µ, f) = J
(
h(µ,f)

)
,

where J : F (I,B(I)) → I is nondecreasing, and such that for each c, d ∈ I we have
J(d · I(0,c]) = c ⊗ d.

Given a measurable space (Z,A), here are some well-known examples of uni-
versal integrals of f ∈ F (Z,A) w.r.t. a monotone measure µ ∈ M(Z,A):

• The Choquet integral [5]:

Ch(µ, f) =

∫
I
h(µ,f)(t) dt. (7)

Note that this is formulated the same as the Lebesgue integral, but with
respect to an arbitrary monotone measure. We have ⊗ = ·.

• The Sugeno integral [22]:

Su(µ, f) = sup
t∈I
{t ∧ h(µ,f)(t)} (8)

where ∧ denotes the minimum operator. We have ⊗ = ∧.
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• The Shilkret integral [21]:

Sh(µ, f) = sup
t∈I
{t · h(µ,f)(t)}, (9)

with convention 0 · ∞ = 0. We have ⊗ = ·.

3. The uniform model for bibliometric impact assessment

In order to introduce our uniform framework for the bibliometric impact as-
sessment problem, we will need a transformation from the vector space S into
the space F (Z,A) for some (Z,A). Although the most straightforward choice is of
course the measurable space (N, 2N), it is not necessarily the most convenient one.
Thus, we fix the space to (I,B(I)).

Given x ∈ S, let 〈x〉 ∈ F (I,B(I)) such that

〈x〉(t) = xbt+1c, t ∈ I.

It is easily seen that 〈x〉 is a nonincreasing step function with steps possible only
in points from N. Thanks to this setting, each vector gains a nice graphical in-
terpretation, cf. Fig. 1. In fact, 〈x〉 is often called by bibliometricians the citation
function for the vector x.

0 2 4 6 8 10

0
1

2
3

4
5

6

Figure 1: Citation function for x = (6, 5, 5, 4, 3, 1, 1, 0, 0, . . . ) ∈ S.

Let us consider the family Φ of aggregation operators F : S → I given by the
equation:

F(x) = η
(
I
(
µ, 〈ϕ(x)〉

))
(10)

where:
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• ϕ : S → S – a function nondecreasing in each variable, ϕ(0, 0, . . . ) =

(0, 0, . . . ),

• µ : B(I)→ [0,∞] – a monotone measure,

• I – a universal integral onM(I,B(I)) × F (I,B(I)),

• η : I→ I – an increasing function, η(0) = 0.

We have what follows.

Theorem 4. Each aggregation operator F given by (10) is a zero-insensitive im-
pact function.

Sketch of the proof. We apply Proposition 1 and the fact that each integral is,
among others, a nondecreasing function of f ∈ F (X,A) for a fixed nondecreasing
measure µ. �

On the other hand, each zero-insensitive impact function E belongs to Φ. It is
because we may set ϕ(x) = (E(x), 0, 0, . . . ). Then, evidently, E(x) = Sh(λ, 〈ϕ(x)〉) =

Ch(λ, 〈ϕ(x)〉), where λ denotes the Lebesgue measure, λ ((a, b)) = λ ([a, b]) =

(b − a).

Please, note that the ϕ function may be used e.g. to normalize citation records,
and often will be set by extending a function of one variable ϕ′ to S, that is ϕ(x) =

(ϕ′(x1), ϕ′(x2), . . . ). Many classical (citation-based) bibliometric indices assume
that ϕ′(x) = bxc or ϕ′(x) = x.

The η function may be used to “calibrate” the output values, especially if we
would like to compare the values of different impact function. It may be neglected
if we consider ranking (instead of assessment) problems.

The measure µ will in turn be often set to be the Lebesgue measure λ or some
monotonic transformation of λ.

Example 1. It is easily seen that:

• S(x) = Ch(λ, 〈x〉),

• H(x) = Su(λ, 〈bxc〉) = bSu(λ, 〈x〉)c, cf. also [23],

• MP(x) = Sh(λ, 〈x〉). �
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4. Computational issues and examples

It is important to discuss the implications of choosing different ϕ, µ, I, and η
to the aggregation process and explain how to compute (10) on given input data.

4.1. Algorithms
First of all, we know that universal integrals are calculated only using h(µ,f),

that is according to measures of level sets of the integrated function. Note that in
our case, as we integrate nondecreasing step functions, then h(λ,〈ϕ(x)〉)(t) is in fact
the pseudoinverse of 〈ϕ(x)〉 at t (also a nonincreasing step function). If we would
set (Z,A) = (N, 2N), this transformation would lead us to functions measurable
w.r.t. to a different space. In our case, however, we still are in F (I,B(I)).

Note that the level sets of 〈ϕ(x)〉 are always of the form [0, i) or [0, i], i ∈ N.
Thus, it does not make much sense in putting µ(Z) other than ψ(λ(Z)), where ψ is
some nondecreasing function, ψ(0) = 0. However, as we shall see in Example 2,
by choosing different ψ we put different weights for the “productivity” aspect of
an assessed entity, see Fig. 2.

0 5 10 15 20

0
1

2
3

4
5

6

Figure 2: The solid lines correspond to the citation function for x = (6, 5, 5, 4, 3, 1, 1, 0, 0, . . . ) ∈ S.
The dashed lines constitute for the plot of px(u) = log(1 + x)b(u/4)4/3+1c, which is the pseudoinverse
of h(ψ◦λ,〈ϕ((x))〉)(t) = 4λ({u : 〈log(1 + x)〉(u) ≥ t})0.75, with ψ(t) = 4t0.75 and ϕ(x) = (log(1 +

x1), log(1 + x2), . . . ).

In fact, it may easily be shown that if ψ is invertible, then in such case the
pseudoinverse of h(ψ◦λ,〈ϕ(x)〉) at the point u ∈ I is given by px(u) = ϕ(x)bψ−1(u)+1c.
Using this property, we may propose the algorithm to compute (10), which is
given in Fig. 3.

Moreover, note that J(h) may for some universal integrals be more easily and
efficiently calculated directly on x′′, y (note that x′′ is ordered nondecreasingly,
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and y – nonincreasingly). For example, in case of the Choquet integral we have:

J(h) =

n∑
i=1

(yi − yi+1) · x′′i ,

for the Shilkret integral it holds:

J(h) = max{x′′i · yi : i = 1, . . . , n}.

Both equations may of course be computed in O(n) time. On the other hand, for
the Sugeno integral in most cases we seek for i = min{i : yi − x′′i < 0} (which may
be performed by a modified binary search algorithm, O(log n) time complexity),
and then return:

J(h) =
(
x′′i−1 ∧ yi−1

)
∨

(
x′′i ∧ yi

)
.

1. x′ <- ϕ(x) ∈ S;
2. x′′ <- (x′n, . . . , x

′
1) ∈ In, where n = max{i : xi > 0};

3. y <- (ψ(n), ψ(n − 1), . . . , ψ(1), 0) ∈ In+1;
4. h <- stepfun(x′′, y, right=TRUE), i.e. a mapping such that

h(u) =

{
yi if u ∈ [x′′i−1, x

′′
i ) for some i ∈ {1, . . . , n},

yn+1 otherwise,

with convention x′′0 = 0;
5. Let J be a function such that I(µ, f) = J

(
h(µ,f)

)
, cf. Definition 3;

6. Return η (J(h)) as result;

Figure 3: An R language-based pseudocode of the algorithm to compute F(x) =

η (I (ψ ◦ λ, 〈ϕ(x)〉)) for a given x ∈ S, universal integral I, and functions ψ, ϕ, and η.

4.2. Choosing I, µ, ϕ, and η
First let us study the effects of choosing different monotone measures.

Example 2. Let ϕ = id, I = Ch, and η = id.

1. If µ = λ, then we get of course I(λ, 〈x〉) =
∑

i xi.
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2. For µ(A) = λ(A)2 (a convex transformation), we obtain I(λ2, 〈x〉) =
∑

i(i2 −

(i− 1)2) · xi = 1x1 + 3x2 + 5x3 + 7x5 + 9x6 + . . . . Thus, we put bigger weight
for productivity here.

3. If µ(A) =
√
λ(A) (a concave transformation), then I(

√
λ, 〈x〉) =

∑
i(
√

i −√
i − 1) · xi ' 1.00x1 + 0.41x2 + 0.32x3 + 0.27x4 + 0.24x5 + 0.21x6 + . . . . In

consequence, the top-cited papers are of greater significance.

For instance, consider two vectors y = (60, 30, 10, 4, 0, 0, . . . ) (bigger quality)
and z = (15, 13, 11, 11, 9, 8, 7, 7, 6, 5, 3, 3, 2, 1, 1, 1, 1, 0, 0, . . . ) (bigger productiv-
ity). We have I(λ, 〈y〉) = I(λ, 〈z〉) = 104, I(λ2, 〈y〉) ' 228 < I(λ2, 〈z〉) ' 1050,
and I(

√
λ, 〈y〉) ' 76.7 > I(

√
λ, 〈z〉) ' 36.9 �

Now let us discuss the effect of selecting different ϕ that are simple extensions
of functions of one variable to S.

Example 3. Let I = Su, µ = λ, η = id. We know that by choosing ϕ(x) =

bxc we obtain the h-index, H. It is easily seen that e.g. Su(λ, b
√

xc) = H2(x).
As we indicated in Sec. 2.1, many other Hirsch-based indices in fact use simple
transformations of the input vector, like the one above. Moreover, by dropping
the floor function we obtain the generalization of the h-index that is real-valued.

The ϕ function may be used e.g. to change the impact of extremely high-cited
publications, like when we choose ϕ(x) = log(x + 1). �

Consideration of more complex ϕ : S → S functions may lead us to other no-
table aggregation operators: for example, the g- and w-index. Let cummin, cumsum :
R∞ → R∞ denote the cumulative minimum and sum, respectively, i.e.:

cummin(x) = (x1, x1 ∧ x2, x1 ∧ x2 ∧ x3, . . . ),
cumsum(x) = (x1, x1 + x2, x1 + x2 + x3, . . . ).

Additionally, assume that operations +, −, and ∨ applied on vectors are performed
element-wise.

Proposition 5. Given x ∈ S it holds:

G(x) = Su
(
λ,

〈⌊
0 ∨ cummin

(
cumsum(x) − (12, 22, . . . ) + (1, 2, . . . )

)⌋〉)
,
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Proof. Fix x ∈ S. Let y = cumsum(x). By definition of the g-index (4):

G(x) = max
{
g ∈ N0 : yg − g2 ≥ 0

}
= max

{
g ∈ N0 : min

i≤g
{yi − i2} ≥ 0

}
= max

{
g ∈ N0 : 0 ∨min

i≤g
{yi − i2 + i} ≥ g

}
.

Thus, if we set z = 0 ∨ cummin((yi − i2 + i)i∈N), then z ∈ S and we see that
G(x) = H(z) = Su(λ, 〈bzc〉).

Proposition 6. Given x ∈ S it holds:

W(x) = Su
(
λ,

〈⌊
cummin

(
x + (1, 2, . . . ) − 1

)⌋〉)
,

Proof. Fix x ∈ S. By the definition of the w-index (5):

W(x) = max {w ∈ N0 : xi + i − 1 ≥ w for all i ≤ w}

= max
{
w ∈ N0 : min

i≤w
{xi + i − 1} ≥ w

}
.

By setting z = cummin((xi + i − 1)i∈N) it holds z ∈ S and we see that W(x) =

H(z) = Su(λ, 〈bzc〉).

In some applications, the η function may introduce new “added value” to the
aggregation process.

Example 4. Let I = Sh, µ = λ, ϕ = id. By setting η = id we of course get the
MAXPROD-index, MP. We may note, however, that the valuations generated by
this index cannot be easily compared to that of the h-index. For example, we get
H(n ∗ n, 0, 0, . . . ) = n and MP(n ∗ n, 0, 0, . . . ) = n2, where (n ∗ n) = (n, n, . . . , n) ∈
In. Thus, by setting η(x) =

√
x we may obtain the “calibrated” version of the

MAXPROD index. �

Of course, integrals other than the classical Choquet, Sugeno, or Shilkret, may
also lead to interesting indices. Here are special types of decomposition integrals
presented in [16, Def. 4.4]:

I(k)(µ, f) = sup
a1,...,ak≥0

 k∑
i=1

ai µ


u : f(u) ≥

i∑
j=1

a j



 , (11)

where k ∈ N. It has been shown that these are also universal integrals in the sense
of [13].
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Example 5. We have I(1) = Sh, which gives for µ = λ the maximal area of a rect-
angle with sides parallel to axes, that belongs to the graph Gr(λ, f) = cl({(x, y) ∈
I2 : y ≤ h(λ,f)(x)}). Additionally, limk→∞ I(k) = Ch. However, e.g. in the I(2)(λ, ·)
case, we get the maximal sum of areas for two non-overlapping rectangles. �

4.3. A case study
For the sake of illustration, let us apply a few cases of the derived model on

data presented in [11]. This data set consist of citation sequences of 11 prominent
bibliometricians (A=Egghe L., B=Garfield E., C=Glänzel W., D=Ingwersen P.,
E=Leydesdorff L., F=McCain K.W., G=Moed H.F., H=Rousseau R., I=Van Raan
A.F.J., J=Vinkler P., K=Zitt M.) and is available at M. Gagolewski’s webpage.

Let us focus only on authors’ rankings that are generated through impact func-
tions defined by Eq. (10). Thus, the choice of η is meaningless here. Moreover, we
shall consider all assessment tools that result in taking all the combinations of inte-
grals from the set {Ch,Su,Sh}, vector transformations ϕ ∈ {x 7→ x, x 7→

√
x, x 7→

x2}, as well as monotone measures µ = ψ ◦ λ, with ψ ∈ {x 7→ x, x 7→
√

x, x 7→ x2}.
Table 1 lists rankings obtained for all the 27 cases.
All Kendall’s correlation coefficients between pairs of rankings are positive,

but some are insignificant at significance level α = 0.05 (i.e. uncorrelated, for cases
20-6, 25-6, 24-20, and 25-24). On the other hand, τ = 1, i.e. we have exactly the
same rankings, for case pairs 15-8, 26-8, 14-10, 18-10, 16-11, 13-12, 18-14, 26-
15, 23-19, 27-19, 25-20, 27-23.

In overall, there is a considerable variability of the results, see Table 2 for a
summary. Only the authors J and K consistently gain low valuations, with the
maximum rank difference of 1.5 and 1, respectively. We see that without expert
knowledge indicating which I, ψ, ϕ should be selected, one obtains too many pos-
sibilities. Moreover, please keep in mind that such a choice should be performed
a priori (before calculating the rankings, to prevent any manipulations) and with
great care.

5. Concluding remarks

We have introduced a model for the construction of zero-insensitive impact
functions based on well-known tools from fuzzy/monotone measure theory, which
is their another successful practical application. In our approach, in order to gener-
ate an aggregation operator, a decision maker has to select four objects (functions),
each having a different, but clear and well-defined role. Of course, when it comes
to assessment of a set of vectors, each should be treated with the same settings.

13



Table 1: Ranks (the lower the better) for 11 bibliometricians assessed with I (ψ ◦ λ, 〈ϕ(x)〉).
# I ψ ϕ A B C D E F G H I J K
1 Ch id id 7 2 3 8 1 9 6 5 4 10 11
2 Ch id

√
· 5 4 2 8 1 10 7 3 6 9 11

3 Ch id ·2 7 1 4 3 2 9 6 8 5 10 11
4 Ch

√
· id 6 1 3 4 2 9 7 8 5 10 11

5 Ch
√
·
√
· 6 2 3 8 1 9 7 4 5 10 11

6 Ch
√
· ·2 5 1 7 3 2 4 8 9 6 10 11

7 Ch ·2 id 4 6 2 8 1 10 7 3 5 9 11
8 Ch ·2

√
· 4 5 2 8 1 10 7 3 6 9 11

9 Ch ·2 ·2 8 3 2 7 1 9 5 6 4 10 11
10 Su id id 7 6 2 8.5 1 10.5 4 5 3 8.5 10.5
11 Su id

√
· 8 3 1 4 2 11 6 7 5 9 10

12 Su id ·2 6 7 2 8 1 10 5 4 3 9 11
13 Su

√
· id 6 7 2 8 1 10 5 4 3 9 11

14 Su
√
·
√
· 7 6 2 8.5 1 10.5 4 5 3 8.5 10.5

15 Su
√
· ·2 4 5 2 8 1 10 7 3 6 9 11

16 Su ·2 id 8 3 1 4 2 11 6 7 5 9 10
17 Su ·2

√
· 8 1 2 7 6 9 5 4 3 10 11

18 Su ·2 ·2 7 6 2 8.5 1 10.5 4 5 3 8.5 10.5
19 Sh id id 8 1 2 7 3 9 5 6 4 10 11
20 Sh id

√
· 6 7 2 8 1 10 4 3 5 9 11

21 Sh id ·2 5 1 6 3 2 4 9 8 7 10 11
22 Sh

√
· id 5 1 6 3 2 4 9 8 7 10 11

23 Sh
√
·
√
· 8 1 2 7 3 9 5 6 4 10 11

24 Sh
√
· ·2 4 1 7 5 2 3 8 9 6 10 11

25 Sh ·2 id 6 7 2 8 1 10 4 3 5 9 11
26 Sh ·2

√
· 4 5 2 8 1 10 7 3 6 9 11

27 Sh ·2 ·2 8 1 2 7 3 9 5 6 4 10 11

Table 2: Basic summary statistics of ranks in Table 1.
A B C D E F G H I J K

Min. 4 1 1 3 1 3 4 3 3 8.50 10
1st Qu. 5 1 2 4.50 1 9 5 3.50 4 9 11
Median 6 3 2 8 1 10 6 5 5 9 11

Mean 6.18 3.48 2.78 6.57 1.70 8.87 6 5.37 4.74 9.43 10.87
3rd Qu. 7.50 6 3 8 2 10 7 7 6 10 11

Max. 8 7 7 8.50 6 11 9 9 7 10 11
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Recall that we have decided to focus on zero-insensitive impact functions. Fu-
ture work should definitely concern models taking into account families of mono-
tone measures and families of integrals, and establish as well as investigate in-
teresting relationships between them. Moreover, we shall seek for a method that
supports automated or semi-automated selection of η, µ,I, and ϕ.

Another extension, somewhere between zero-insensitiveness and the above-
mentioned general case may take into account some kind of compensation, es-
pecially valid for assessing young researchers. As we know, at the start of an
academic career, it is hard to expect that they gain immediately a big number of
papers having a large number of citations. Thus, one may consider a different
setting for the ·̃ operator. Let x̃ = (x{1}+ c, x{2}+ c, . . . , x{n}+ c, 0, 0, . . . ), c ≥ 0. For
c = 0 we have our original setting. Now, for example, for c = 1, 2, . . . researchers
with i ≤ c non-cited papers will have e.g. the h-index equal to i, and the incre-
ment in the number of citations will affect the overall valuation only in the case of
authors with productivity exceeding c papers.
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