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Summary
The aim of this contribution is to inspect
possible applications of clustering techniques
computed over a set consisting of nonincreasingly ordered vectors of possibly nonconforming lengths. Such data sets appear in the field
of informetrics, where one may need to evaluate the quality of information items, e.g research papers, and their producers. In this
paper we investigate the notion of cluster centers as an aggregated representation of all
vectors from a given cluster and analyze them
by means of aggregation operators.
Keywords: clustering, fuzzy clustering, cmeans algorithm, distance, producers assessment problem

1

INTRODUCTION

The Producers Assessment Problem (PAP, see e.g. [7])
concerns the evaluation of a set of information resources producers according to both number and quality of their products (e.g. forum posts, research publications, etc.). More formally, this problem may be
modeled by a set of vectors {x(1) , . . . , x(l) }, where
x(i) = (xi1 , xi2 , . . . , xini ), xi1 ≥ xi2 ≥ · · · ≥ xini with
possibly ni 6= nj for some i 6= j. Please note that in
this model x(i) represents the state of the i-th producer
and xij denotes the quality assessment of his/her j-th
top product. Moreover, in many real life applications,
it is necessary to assume that xij ∈ I = [−∞, ∞], cf. [3]
for discussion.
Usually, aggregation operators are most often used to
summarize informetric data sets. However, also machine learning techniques may be applied for this very
purpose. For example, in [13] some algorithms were
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applied on several indicators in order to obtain an automatic categorization of universities. Similarly, in [4]
a data set on the 500 best world universities was divided into groups according to their various bibliometric performance indicators. Moreover, Costas, van
Leeuwen, and Bordons in order to split a group of
scientists into 3 clusters (top, medium, low class ones)
used e.g. the h-index [9], number of publications, number of highly cited papers, median impact factor, etc,
see [5].
Investigation carried out in this paper focus on clustering techniques. In our previous work we discussed
problems and challenges one may encounter while dealing with clustering tasks on informetric data sets,
see [3]. We also proposed modifications of the wellknown metrics, so they can be calculated over vectors of nonconforming lengths. Obtained measures
were then applied in a hierarchical clustering method.
Moreover, the notion of such measures allows to adapt
k-means algorithm for such task, see [2]. In this paper
we are going to generalize the obtained results. Moreover, we focus on centroids of derived clusters, which
can be conceived as an aggregated representation of
the data set.
The structure of this contribution is as follows. In the
next section the definition of a metric and dissimilarity measure for vectors of nonconforming lengths is recalled. In Sec. 3 the notion of the c-means algorithm
is generalized so it can be computed over PAP data
sets. Next, in Sec. 4, the performance of the obtained
method is investigated. Finally, Sec. 5 concludes the
paper and indicates future research directions.

2

METRICS

For any n ∈ N, let Sn denote the set of nonincreasingly ordered real vectors of length n, i.e. Sn =
{(x1 , . . . , xn ) ∈ Rn , x1 ≥ · · · ≥ xn }. Moreover, let S≤n
be a set of nonincreasingly
Sn ordered vectors of length
at most n, that is S≤n = i=1 Si . Assume that we are
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Pc
(i)
such that
j=1 Wj (x ) = 1, describes the degree
of belonging of the i-th observation to the j-th cluster. Here, we aim to find the fuzzy pseudopartitioning
which minimizes the weighted within cluster dissimilarity, i.e.

given l producers and k = max{ni : i = 1, 2, . . . , l}.
Obviously, such k is finite and well defined for each
set of producers. Moreover, let x̃ denote the vector of length k and equivalent to x padded with 0’s,
i.e. x̃ = (x1 , x2 , . . . , xn , 0, . . . , 0) ∈ Sk .
Let us now recall the definition of a class of metrics over S≤k (see [3] for more details and a proof).
Please keep in mind, that metric is a function d(x, y)
such that (∀x, y) (a) d(x, y) = 0 ⇔ x = y and
(b) d(x, y) = d(y, x) and fulfills triangle inequality,
i.e. d(x, y) ≤ d(x, z) + d(z, y). Moreover, in case when
only conditions (b) and (c) hold, d(x, y) is a pseudometrc.

arg min

fuzzy partition W of X i=1 j=1

Let us now recall basic steps of the c-means method.
1. Set a number of clusters and randomly assign for
each observation the degree of memberships.
2. Until the convergence condition is met, i.e. the
coefficients’ change between two iterations is not
greater than the given sensitivity threshold ε, repeat:

CLUSTERING

Cluster analysis is an machine learning technique
which allows to partition the general population of objects into distinguishable – according to some criteria
– groups (clusters), i.e. in the most desired partition
entities within each group are similar and objects in
distinct groups differ as much as possible from each
other (see e.g. [8]).

(a) Compute the centroid for each cluster µ(j)
with respect to the weighted distance.
(b) For each point x(i) , compute its coefficients (weights, membership) wij of being
in the clusters j = 1, . . . , c as wij =
P
 d2 (x(i) −µ(j) ) 1/(m−1) −1
c
L2

One approach of cluster analysis is to assume that objects are divided into c S
nonempty pairwise disjoint sets
c
C = {C1 , C2 , . . . , Cc }, i=1 Ci = X , which minimizes
the within cluster dissimilarity – sum of dissimilarities
between points in the same cluster, i.e.:
arg min

c X
X

partition C of X j=1
x∈Cj



d2L2 x, µ(j) ,

u=1

d2L (x(i) −µ(u) )
2

Special attention should be paid when implementing
the above algorithm. The main problems here may
be caused by numerical errors, which can occur during the computation of weights. Please note that if
d2L2 (x(i) − µ(u) ) = 0 for some u = 1, . . . , c, according
to the formula given above there is division by 0. In
such a case, one may choose as a weight an arbitrary
real number (keeping in mind that the weights must
add up to 1, see e.g [10]).

(1)

where d2L2 denotes the squared Euclidean distance (a
dissimilarity measure) and µ(j) is the j-th cluster centroid.
On the other hand, in fuzzy clustering, every point
has a degree of belonging to each cluster, rather than
belonging entirely to just one of them, see e.g. [10].
In such a case, given a set of observations X =
{x(1) , . . . , x(l) }, where each x(i) ∈ Rn , we aim to determine a fuzzy pseudopartition – a family of fuzzy subsets of X : W = {W1 , . . . , Wc }, where Wj = Wj (x(i) ),

(2)

Fuzzy c-means algorithm. Clustering tasks can
be solved using various heuristics, that differ significantly in their structure. Moreover, even when an
algorithm converges, the obtained minimum may only
be a local minimum. Also the initial choice of weights
can have a great impact on the results. Investigation
carried out here concerns the fuzzy c-means algorithm
(cf. [10, 1]), which may be viewed as a weighted generalization of the k-means procedure.

Because of computational reasons, in some clustering
tasks it is more convenient to consider dissimilarity
measure instead of metric, i.e. a function d(x, y) such
that (∀x, y) (a) d(x, y) ≥ 0, (b) d(x, y) = 0 ⇔ x = y
and (c) d(x, y) = d(y, x). Of course, each metric is a
dissimilarity measure.

C=

Wj (x(i) )m d2L2 (x(i) , µ(j) ).

where the m ∈ R, m ≥ 1 is a fuzzifier, cf [1].

Theorem 1. Let dM : S≤k × S≤k → [0, ∞) be such
that dM (x, y) = µ(x̃, ỹ) + ν(x, y), where µ is a metric
on Rk and ν is a pseudo-metric on S≤k . Then dM is
a metric on S≤k if and only if for all x, y such that
x̃ = ỹ it holds ν(x, y) = 0 =⇒ nx = ny .

3

l X
c
X

3.1

80

DETERMINING THE WEIGHTED
CENTROID

Let us focus on a squared version of an Euclideanlike metric d2D;pq : S≤k × S≤k , defined as d2D;pq (x, y) =
d2L2 (x̃, ỹ)+p|nrx −nry |, where dL2 denotes the Euclidean
metric in Rk .
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Please note that this approach bases on the idea of
padding input vectors with zeros. It is because in the
standard arithmetic of real numbers we have |a − 0| =
|0 − a| = |a|. Also note that by the fact that 0 is a distinguished value in the set of reals, the introduced metrics can be rewritten as: the distance of min{nx , ny }
observations plus a norm of the remaining observations
in the longer vector (which is the same as the distance
to 0) plus some penalty for the difference in vectors’
lengths. This provides an appealing interpretation of
the proposed solution.

Proof. The task is to find

Let w = (w1 , w2 , . . . , wl ) denote the degree of membership of the observations to a given cluster. Our
task is to find the vector µ which minimizes

with λi gi (y) = 0 and λi ≥ 0 for i ∈ [n − 1]. Note that
for h ∈ [n] we have:

arg min
µ∈S

l
X

min Fw (y)

y∈Rn

with respect to n − 1 constraints of the form:
gi (y)

∇Fw (y) +

Step 1: for n = 1, 2, . . . , k
(3)

µ∈Sn

(4)

under constraints λ1 ≥ 0, . . . , λn−1 ≥ 0 and y1 ≥ y2 ≥
· · · ≥ yn .

n=1,...,k

Let n ∈ [k] := {1, 2, . . . , k} be fixed and let P ⊆ 2[n]
denote the partition of a set [n], such that
S for each
P, P 0 ∈ P we have P ∩ P 0 = ∅, |P | > 0, P ∈P = [n]
and {i, j} ∈ P with i ≤ j implies that i+1, i+2, . . . , j−
1 ∈ P . Moreover, P{i} stands for such P ∈ P, that
{i} ∈ P . Let CP[n] denote the whole class of such
partitions.

Thus, let us consider a solution (not necessarily feasible) that fulfills λ ≥ 0. First of all, let us take u such
that λu−1 = λu = 0. It immediately implies that:
Pl
m (f )
f =1 wf x̃u
yu = Pl
.
m
f =1 wf
On the other hand, for each u and p ≥ 2 such that
λu−1 = 0, λu > 0, λu+1 > 0, . . . ,λu+p−2 > 0,
λu+p−1 = 0 we get that yu = · · · = yu+p−1 . More
specifically, we have:
Pl
Pu+p−1 (f )
m
x̃j
f =1 wf
j=u
for i = u, . . . , u + p − 1,
yi =
Pl
m
p f =1 wf

Theorem 2. For some P ∈ CP[n] the vector y ∈ Rn
given by

Pl  m P
(f )
w
x̃
f
f =1
j∈Pi j
for i = 1, . . . , n,
yi =
Pl
|P{i} | f =1 wfm
is a solution to Eq. (3) if y1 ≥ y2 ≥ · · · ≥ yn and for
all i ∈ [n] with i ∈ (P{i} \ {max P{i} }) we have
i − min P{i} + 1
|P{i} |
−

l
X
f =1

wfm

n

wfm

n X

In such a case, we have that for i = u, . . . , u + p − 2:
λi = 2

o

(f )

x̃j

o

u+p−1
l
i − u + 1 X m  X (f ) 
wf
x̃j
p
j=u
f =1

j∈P{i}

f =1

X

(f )

x̃j

λi ∇gi (y) = 0,

For brevity of notation, let us assume that λ0 := 0
and λn := 0. Thus, our task reduces to solving the
following system of linear equations:

Pl

0 = 2 i=1 wim (y1 − x̃i1 )
+λ0
−λ1


 0 = 2 Pl wm (y − x̃i )

+λ1
−λ2

2
2
i=1 i



..


.


Pl

0 = 2 i=1 wim (yn−1 − x̃in−1 ) +λn−2 −λn−1
Pl

0 = 2 i=1 wim (yn − x̃in )
+λn−1 −λn




0
=
λ
(y
−
y
)

1 2
1



..



.


0 = λn−1 (yn − yn−1 )

It is easily seen that such a task is a generalization
of the results presented in [2], where determining the
d2D;pq -centroid was derived for the k-means procedure
with wi = 1 or wi = 0 for all i.

l
X

n−1
X

l
X
∂Fw
(y) = 2
wim (yh − x̃ih ).
∂yh
i=1

i=1

µ = arg min Fw (µ(n) ).

for i = 1, . . . , n − 1.

i=1

i.e. the vector which
the objective function
Pminimizes
l
given by Fw (µ) = i=1 wim d2D;pq (xi , µ).

Step 2:

yi+1 − yi ≤ 0

By means of the Karush-Kuhn-Tucker (KKT) theorem
(cf. [12]), we need to find y and λ1 , . . . , λn−1 such that

wim d2D;pq (xi , µ),

µ(n) = arg min Fw (µ)

=

−2
> 0,

l
X

wfm

i
X

f =1

j∈P{i} ,j≤i
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is a solution to Eq. 3.

j=u

(f )

x̃j



> 0,
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The procedure to compute the cluster centroid with
respect to d2D dissimilarity measure is given by Algorithm 1. Please note that this approach is a simple generalization of the algorithm included in [2], where the
proof of its correctness was included. The main modification concern the form of input data. In the scenario
considered in this paper, the algorithmP
is applied to a
l
list of vectors of the form xj = wjm xj / i=1 wjm . It is
clear to see that when weights are either 0 or 1, both
procedures return the same result.

Table 1 contains basic sample statistics of the vectors.
Please note that 78% of them are only of length 1 and
among them, 32% are equal to 0.
Table 1: Basic summary statistics of vectors’ lengths
(n), maximal value (max) and sum of all elements
(sum) (Scopus data set).
Min. Median Mean Max.
n
1
1
1.62
98
max
0
3
8.96
791
sum
0
3 12.63 1211

Data: A set of l vectors X ⊂ S and n ∈ N.
Result: µ(n) = arg minµ∈Sn Fw (µ).
Pl
Pl
Let x̃ be such that x̄i = j=1 wjm x̃ji / i=1 wim , for
all i ∈ [n];
Let P = ∅;
Let y ∈ Rn ;
for k = 1, 2, . . . , n do
yk = x̄k ;

Let P := P ∪ {k} ;
(we have P ∈ CP([k]))
while |P| > 1 and ymin P (|P|) > ymax P(|P|−1) do

P := P \ {P (|P|) } \ {P (|P|−1) } ∪

The fuzzy c-means and k-means algorithms were applied in order to determine 6 clusters (groups). The
closest crisp clustering based on weights form the fuzzy
c-means algorithm, was obtained by assigning each
vector to the cluster with the maximal weight. The
number of common vectors in clusters obtained via the
k-means and fuzzy c-means algorithm are presented in
Table 2.
Table 2: Number of common vectors in clusters obtained via the k-means (columns) and the c-means
(rows) algorithm.
Cluster no.
1
2
3
4
5 6
1
3472
0
0
0
0 0
2
5
1052
6
0
0 0
3
0
2
308
6
0 0
4
0
0
10 100 0 0
5
0
0
0
6
27 0
6
0
0
0
0
0 6

{P (|P|−1) ∪ P (|P|) };
(merge P (|P|−1) , P (|P|) )
(|P|)
for i ∈ P
do P
1
Set yi := |P (|P|)
j∈P (|P|) x̄j ;
|
end
end
end
return y;
Algorithm 1: An algorithm to determine the
weighted d2D -centroid.

Figure 2 presents the step functions of citation vectors in each cluster. Corresponding centroids are
marked by black and red for the k-means and the
fuzzy c-means procedure, respectively. The agreement between these two partitioning schemes, being
equal to 99%, was calculated via the Rand Index,
i.e. A/(A + D), where A denotes the number of all
pairs of data points assigned by both partitions into
the same cluster or into different clusters (both partitionings agree for all pairs A) and D denotes the
number of all pairs assigned differently by both partitions (the partitions disagree for all pairs D), cf. [11].
Figure 1 presents the distribution of maximal weights
per each vector. Please note that there are 188 vectors
for which any weight is no greater than 0.5.

Remark 1. Even though the d2D;11 -centroid can be
viewed as an aggregated representation of a set of vectors, in general the procedure given by Theorem 2 is
not a E-monotonic fusion function, where E is the partial ordering described in [7]. For example, let us consider X = {x(1) = (10, 2, 1, 0, 0), x(2) = (−11), x(3) =
(−5, −6, −10)} and Y = {y(1) = (10, 2, 1, 0, 0), y(2) =
(10, −100), y(3) = (−5, −6, −10)}. It is clear to
see that for each i = 1, 2, 3 we have x(i) E y(i) .
However, for the corresponding centroids we have
(−1.67, −1.67, −3) 6E (5, −34.67). On the other hand,
if all the input elements are non-negative, then Emonotonicity always holds.

4

EMPIRICAL ANALYSIS

Let us now consider a data set consisting of citations
received by 5000 scientists1 . The data were gathered
from Elsevier’s Scopus (see [6] for details).
1

The data set is available at http://cena.rexamine.com/research/
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Table 3 presents the weighted sum of dissimilarities
between
indices for the Scopus data set,
Pc bibliometric
Pl
i.e. j=1 k,i=1 wij wkj (xi − xk )2 . We analyzed the
weights determined by the fuzzy c-means algorithm,
the uniformly distributed membership degrees to all
clusters and weights of the form wij = 1 for xi if the kmeans algorithm assigns i-th vector to j-th cluster and
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Table 4: The Hirsch index (H), G-index (G), length
(n), maximum (max) and the arithmetic mean (mean)
computed for cluster centroids determined by the fuzzy
c-means algorithm.

0.6

Cl.no.
G
H
n
max
mean
sum

0.4

0.2

188

335

474
297

443

1
1.00
1.00
1.00
1.64
1.64
1.64

2
2.00
1.00
2.00
12.55
7.00
13.99

3
3.00
2.00
3.00
32.74
12.67
38.00

4
4.00
3.00
4.00
68.77
20.05
80.19

5
10.00
4.00
10.00
127.21
17.55
175.51

6
24.00
12.00
24.00
398.21
37.81
907.50

0.0
0.5

(0.5; 0.6]

(0.6; 0.7]

(0.7; 0.8]

(0.8; 0.9]

(0.9; 1]

5

Figure 1: The distribution of cluster membership
weights.

In this paper applications of the fuzzy c-means clustering algorithm to sets of vectors of possibly nonconforming lengths were investigated. First of all, a generalization of the procedure to compute the centroids
of such sets, with respect to some dissimilarity measure tailored for vectors of unequal lengths, was provided. Moreover, the presented approach was verified
by an empirical analysis on a bibliometric data set.
Special attention was paid to the investigation of the
clusters’ centroids as an aggregated representation of a
considered data set. By means of various bibliometric
indexes, we evaluated the degree in which they reflect
the structure of the whole data set.

wij = 0 otherwise. Here, we consider the Hirsch index
(H), the G-index (G), length (n), maximum (max)
and the arithmetic mean (mean). Please note that
the weights returned by the fuzzy c-means algorithm
minimizes such sum for all the considered indexes.

Table 3: Weighted sum of dissimilarities between the
Hirsch index (H), the G-index (G), length (n), Max
(max) and arithmetic mean (mean) calculated for the
fuzzy c-means output, uniform membership and kmeans partitioning.
c-means uniform membership k-means
G
951.01
2404321.83
1404.00
H
420.33
1763367.67
564.00
n
1347.73
2337926.83
1404.00
max 15865.30
27334939.66 20394.00
mean 10148.87
20259504.16 20207.30

Moreover, Table 4 presents the Hirsch index (H), Gindex (G), length (n), Max operator (max) and the
arithmetic mean (mean) computed for clusters centroids determined by the fuzzy c-means algorithm. We
may see that the first centroid is characterized by a low
H- and G-index and also a small number of publications. On the other hand, centroids corresponding to
clusters 2, 3 and 4, represent researchers with a rather
small number of publications (between 2 and 4) and a
low H- and G-index, however, the number of citation
given to their most cited paper (max) increase (12.55,
32.74, 68.77). Finally, researchers from clusters 5 and
6, represented by corresponding centroids are characterized with a high number of citations (175.51 and
907.50), and larger number of publications (10 and
24).

CONCLUSIONS
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