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Economic inequality measures are employed as a key component in various sociodemographic indices to capture the disparity between the wealthy and poor. Since their
inception, they have also been used as a basis for modelling spread and disparity in other
contexts. While recent research has identified that a number of classical inequality and
welfare functions can be considered in the framework of OWA operators, here we propose a framework of penalty-based aggregation functions and their associated penalties
as measures of inequality.
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1. Introduction
Aggregation functions are indispensable in welfare and poverty evaluations where
the information pertaining to many individuals needs to be summarized to give an
overall snapshot of a community, class or country. Such indices can then be used
for the purpose of comparing groups, considering the anticipated benefit of policy
decisions at the government level and so on. Simple unweighted averages are often
used to measure various countries’ standings in terms of poverty, equality, opportunity, etc, for example as conducted by the Economist Intelligence Unit (EIU)47 .
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It is recognized that a standard summary of wages cannot capture the economic
situation of a community with individuals having a range of incomesI , so some indices also incorporate the extent to which the incomes of individuals/households
are below the poverty line29 , the difference in incomes, or sometimes even the gap
between male and female wages (e.g.47 ).
Economic inequality measures3,18,20 aim to capture an intuitive notion of fairness
in the distribution of wealth. They align with ideas such as the diminishing middle
class, the widening gap between rich and poor, or the unfairness inherent in society
when only a small fraction of individuals control the majority of its wealth and
resources. Recently in Australia there has been some popular interest with articles
appearing in The Conversation II about how Australia’s mining boom has affected
economic inequality in certain regions23 (measured using the Gini index) and the
validity in a politician’s recent claim that Australia is more unequal now than it
has been for 75 years38 according to the income of the top 1% of the population.
As well as aligning with such concepts, inequality measures are also essentially
a form of spread. At one end of the scale, when all arguments are the same, we
have perfect equality with no variation in the income or resources allocated to
each individual, while at the other we expect big differences between the poorest
and richest group. Just as calculations like the standard deviation are often used
in statistics to aid with interpreting results obtained from an arithmetic mean,
it is natural that we would want to have some idea of variation in wages when
interpreting an average wage statistic for a given community.
As an example, Fig. 1 compares the male and female wages of working individuals in Australia based on census dataIII for each percentile of their respective
populations (with the upper and lower 5% excluded). Although this graph makes
it clear that male incomes are higher, on average, than females, what is less apparent is that there is also slightly higher inequality within the female gender class,
i.e. Fig 2 shows the cumulative percentage of the total income (for each gender)
earned by each percentile of the population. These curves are referred to as Lorenz
curves, proposed by Lorenz for measuring inequality39 . If a curve lies below another,
then it is considered to represent higher inequality. With this example, we can see
I It

is worth mentioning the argument that a quantified level of ‘poverty’ can affect individuals
differently, and so some organizations have proposed indices that try to capture this, e.g.49 , which
for an individual, again, is obtained through a simple aggregation of deprivation factors.
II The Conversation is an online journal with collaborations between academics and its editors with
articles pitched at a general audience. The article about the mining boom relates to the journal
article by the same authors22 .
III The data is publically available from the Australian Bureau of Statistics41 , however we note
that the incomes here are estimated based on income brackets, e.g. there were 189 996 males listed
earning weekly wages in the $1-$199 bracket, 109 733 in the $200-$299 bracket and so on. We
estimated each individual’s wage by linearly interpolating
the bracket thresholds and then in turn
√
estimated the mean with the income which was 1/ 2 along the bracket interval. We also note
that those listed as having negative income were assigned the value of 0 and those earning $2000
or more were assumed to be earning between $2000 - $3000 so values above $2000 should only be
interpreted as rough estimates.
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Fig. 1. Mean weekly incomes for males (solid) and females (dotted) based on Australian census
data.

that the lower 40% of males earn approximately 11% while for females the figure is
10.5%. On the other hand, if we consider the top 10% of the population (the 90th
percentiles), the conservative estimates used here note that for males the value is
72.5% while for females it is 68.8%. These richer males hence account for about
27.5% of all male incomes while for females it is 31.2%.
Economic inequality is hence related to a number of areas studied in association
with aggregation functions. Gagolewski has recently proposed the concept of spread
measures25 , which incorporates traditional measures of variation as special cases.
Parallels have also been drawn between spread and the notion of disagreement (or
lack of consensus) in decision making1,5,6,14,28,31,32 and with evenness indices used
in ecology8,9 . In turn, we can observe that, historically, many traditional evenness
measures were derived from inequality indices43,44 , since the desireable property
that evenness is increased with transfers of abundance from rare to more common
species is one that is satisfied by the Pigou-Dalton principle proposed by Dalton19 .
Some other commonly used measures of evenness are derived from Shannon’s entropy equation42 , which was also defined with this ‘progressive transfers’ principle
identified as an attractive property. Notably, inequality measures have many applications in other domains, see e.g. 26,27 for the case of data clustering.
Inequality, spread and disagreement measures all share the common property
that a function value of zero is returned when all the inputs are the same. Beliakov, James and Nimmo8 have suggested previously that a key distinction when
considering these frameworks lies in the characteristics of input vectors that return
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Fig. 2. Lorenz curves - cumulative proportion of income for percentile groups of males (solid) and
females (dotted).

the maximum level of variation. When considering disagreement or lack of consensus, the maximum usually corresponds with the case where the inputs are divided
equally between opposite ends of the scale, e.g. a vector like x = (0, 0, 0, 1, 1, 1)
for xi ∈ [0, 1]. For inequality on the other hand, maximum inequality usually occurs when a single input dominates, e.g. if the incomes of a population approach
x = (1, 1, 1, . . . , 1, ∞). Knowing which vectors result in maximum spread is also of
importance for the purpose of normalizing spread calculations24 .
The concept of a penalty function12,15,16,51 also captures the idea of variation
amongst the inputs. In this paper we will show that penalty-based expressions can
be used to represent classical inequality indices such as the Gini index and that
penalties more generally can provide useful models for inequality. We establish
some conditions under which such models satisfy the Pigou-Dalton principle. We
note that penalties have also been used to define averaging aggregation functions,
and hence with any penalty expression we often have an associated mean value. The
behavior of this implied average could therefore provide a framework for interpreting
the inequality measure.
The article will be set out as follows. In Section 2 we will give overviews of the
preliminary notions required for further results in the paper. These include those
relating to aggregation functions and penalty functions. In Section 3 we will give an
overview of economic inequality functions with some established results and notation. In Section 4 we present penalty functions as a framework for inequality indices,
showing how some existing indices can be framed in terms of penalty functions. We
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establish results regarding the conditions under which inequality functions based on
penalties will satisfy the Pigou-Dalton principle. In Section 5, we show how inequality measures are related to spread measures. We give some brief notes on directions
for further research in Section 6 and then conclude in Section 7.
2. Preliminaries
Here we outline preliminary notions regarding aggregation functions and their related penalty-based expressions.
2.1. Aggregation Functions
Aggregation functions summarize datasets with a single representative
value4,10,35,45 . Socio-economic summaries allow organizations to compare countries
or regions based on a number of key indicators, which in turn usually represent
standardized values ranging over a consistent interval. We will use the following
definition.
Definition 1. For a given positive real interval [0, b] and a fixed n ∈ N \ {1},
an aggregation function A : [0, b]n → [0, b] is a function non-decreasing in each
argument and satisfying A(0, . . . , 0) = 0 and A(b, . . . , b) = b.
We are primarily concerned with symmetric aggregation functions, i.e. functions
whose value is unchanged if the inputs are rearranged. To ease notation, we will
assume input vectors with arguments arranged in non-increasing order, i.e. of the
form x = (x(1) , . . . , x(n) ), such that b ≥ x(1) ≥ x(2) ≥ · · · ≥ x(n) ≥ 0.
An aggregation function is considered to be averaging when
min(x) ≤ A(x) ≤ max(x).
In particular, we have the ordered weighted averaging (OWA) operator formalized by Yager50 and defined with respect to a weighting vector.
Definition 2. A vector w = (w1 , . . . , wn ) is called a weighting vector if wi ∈ [0, 1]
n
P
for each i = 1, . . . , n and
wi = 1.
i=1

The OWA is then defined as follows.
Definition 3. Given a weighting vector w, the OWA function is given by:
OWAw (x) =

n
X

wi x(i) .

i=1

Special cases of the OWA operator, depending on the weighting vector w include:
Arithmetic mean where all the weights are equal, i.e. all wi =
Maximum function for w = (1, 0, ..., 0);

1
n;
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Minimum function for w = (0, ..., 0, 1);
Median function for wi = 0 for all i 6= m, wm = 1 if n = 2m−1 is odd, and wi = 0
for all i 6= m, m + 1, wm = wm+1 = 0.5 if n = 2m is even. For an even
number of arguments one can also distinguish between the upper median,
which is equal to x(m) and the lower median x(m+1) .
The OWA is piece-wise linear and homogeneous, i.e. multiplying the inputs by
a scalar λ > 0 increases/decreases the output by the same factor, OWA(λ · x) =
λ · OWA(x). It is also shift-invariant meaning that adding the same value λ to each
input increases the output by λ, OWA(x(1) + λ, . . . , x(n) + λ) = OWA(x) + λ.
The OWA can also be generalized to allow for non-linear behavior. We provide
the definition for an ordered weighted quasi-arithmetic mean, also referred to as the
generalized OWA.
Definition 4. For a given strictly monotone and continuous function g : [0, b] →
[−∞, +∞], called a generating function or generator, and a weighting vector w, the
generalized OWA is the function
!
n
X
−1
GOWAw,g (x) = g
wi g(x(i) ) .
(1)
i=1

As well as all special cases of the OWA for g(t) = t, we obtain the following as
special cases:
n
Q
i
Ordered weighted geometric mean
Gw =
xw
g(t) = ln(t);
(i) ,
i=1
 n
 r1
P
g(t) = tr .
Ordered weighted power mean
Mw,[r] =
wi xr(i) ,
i=1

The GOWA operator is homogeneous when the generator corresponds with the
weighted power means and weighted geometric means and will be shift-invariant for
weighted exponential and weighted arithmetic means.
Also relevant to our results is the weighted median:
Definition 5. For a given weighting vector w, the ordered lower weighted median
is given by:
OWMw (x) = x(k) ,
where k is the greatest integer such that

k−1
P
i=1

wi ≤ 21 . Similarly the ordered upper

weighted median replaces ≤ with <. The upper and lower median coincide unless
there is an exact 50/50 divide between the sums of weights. Rather than take one
or the other, a convention can be adopted where the average of the two is used and
referred to simply as the weighted median.
We note that in standard usage the weighted median allocates weights to inputs
based on the source rather than the relative order. For example, a weighting vector
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w = (0.4, 0.1, 0.2, 0.3) when considering unordered inputs x = (0.2, 0.6, 0.1, 0.7)
would permute w and x accordingly so that w1 = 0.4 was assigned to x(3) = 0.2,
w2 = 0.1 assigned to x(2) = 0.6 and so on. Such weighting schemes assume that
the source of the input may make the inputs more or less important whereas we
consider all inputs to be equally important. For our case of vectors assumed to be in
non-increasing order we will refer to the function as the ordered weighted median or
OWM and observe that the output x(k) will always fall in the same relative position,
e.g. if w = (0.2, 0.2, 0.2, 0.4) then the output will simply be the third highest input
x(3) .
Let us also define the iterated differences diff(x) and cumulative sum cumsum(x)
for a vector x ∈ [0, b]n :
diff(x) = (x(1) − x(2) , x(2) − x(3) , . . . , x(n−1) − x(n) ),

(2)

cumsum(x) = (x(1) , x(1) + x(2) , x(1) + x(2) + x(3) , . . . , x(1) + · · · + x(n) ).

(3)

We point out that diff(x) is a vector of n − 1 components.
2.2. Penalty functions
A relationship between the arithmetic mean and its associated measures of spread,
statistical variance and standard deviation, can be found in its penalty-based
representation. Theoretical results for penalty functions have been developed
recently12,15,16,51 , however it has been well established since at least the time of
Laplace that for a given set of real numbers, the arithmetic mean is the value which
minimizes the sum of squared differences between the inputs and the output, i.e.

AM(x) = arg min
y

n
X

(xi − y)2 .

i=1

The median can similarly be represented as the value which minimizes the sum
of absolute differences |xi − y|:

Med(x) = arg min
y

n
X

|xi − y|.

i=1

In the case of an even number of arguments, all points lying in the interval
between the m-th and (m + 1)-th argument when the data are ordered (the upper
and lower median respectively if ordered non-increasingly) will be minimizers, hence
usually the convention is to take the average of the two.
We have the following definition for penalty functions13 .
Definition 6. For any closed interval I ∈ R, a function P : In+1 → R+ is a penalty
function if and only if there exists c ∈ R+ such that:
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(i) P (x, y) ≥ c, for all x ∈ In , y ∈ I;
(ii) P (x, y) = c if and only if xi = y, for all i = 1, . . . , n,; and
(iii) P is quasi-convex lower semi-continuous in y for each x ∈ In .
In our setting, we will have c = 0 and arguments given over a finite interval
I = [0, b]. The third condition ensures that the corresponding penalty-based function
is well defined.
With respect to a penalty P , a penalty-based function is given by:
AP (x) = arg min P (x, y),
y

y+y

if y is the unique minimizer, and y = 2 if the set of minimizers is the closed
interval [y, y] (or similarly if the interval is open).
In particular, we note that for the generalized OWA it holds that:
P (x, y) =

n
X

wi (g(x(i) ) − g(y))2 ,

i=1

and for ordered weighted medians we have:
P (x, y) =

n
X

wi |x(i) − y|.

(4)

i=1

3. Economic Inequality Functions
The concepts of aggregation lie at the heart of various indices used to summarize
incomes, access to health, level of poverty, and other socio-economic factors. In
particular we have welfare functions - indicating the average level of wealth for a
given population, and inequality indices - representing the disparity between rich
and poor.
From here on we will consider x to denote a set of incomes (or average incomes
for a given percentile group) ordered non-increasingly. A defining characteristic
of inequality measures is satisfaction of the Pigou-Dalton or progressive transfers
principle. This is the idea that any transfer of income from a richer to a poorer
individual (as long as it does not alter their relative ordering) should not increase
the level of inequality.
Definition 7. For a set of incomes x fixed for all arguments except x(i) > x(j) ,
a function f satisfies the Pigou-Dalton or progressive transfers principle if for all
x(i) − h ≥ x(j) + h, h > 0 it holds that
f (x(1) , . . . , x(i) , . . . , x(j) , . . . , x(n) ) ≥ f (x(1) , . . . , x(i) −h, . . . , x(j) +h, . . . , x(n) ). (5)
The idea is consistent with the Lorenz curve and also, as noted in3 , is equivalent
to Schur- or S-convexity.
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Definition 8. A function f : [0, b]n → [0, ∞) is S-convex whenever for all x, y ∈
[0, b]n such that AM(x) = AM(y) it holds that cumsum(x) ≤ cumsum(y) ⇒ f (x) ≤
f (y).
Note that this is equivalent to the majorization based approach40 .
In order for economic inequality indices to be comparable for different currencies
or different countries, their definitions often involve proportional scaling by dividing
through by the arithmetic mean. We will sometimes find it convenient to represent
indices in terms of the vector of proportional incomes. We shall assume that x 6=
(0, 0, . . . , 0) and consider a space
Q = {(q1 , . . . , qn ) ∈ [0, 1]n : q1 ≥ · · · ≥ qn ,

n
X

qi = 1}.

i=1
1
(x(1) , . . . , x(n) ) ∈ Q. From this we have the folClearly, for any x ∈ [0, b]n , Sum(x)
lowing definition for inequality indices.

Definition 9. An inequality index is a function I : Q → [0, 1] such that:
(i) for all q, q 0 ∈ Q, if cumsum(q) ≤ cumsum(q 0 ), then I(q) ≤ I(q 0 ),
(ii) inf q∈Q I(q) = 0,
(iii) supq∈Q I(q) = 1.
It follows that the supremum is obtained for (1, 0, 0, . . . , 0) and the infimum for
(1/n, . . . , 1/n). It can also be observed that for homogeneous functions, expressions
may only differ in terms of a scalar multiple IV . For example, the Gini index34 is
the function
n X
n
X
1
|x(i) − x(j) |,
(6)
G(x) = 2
2n · AM(x) i=1 i=1
which can be written as a function on Q as follows52 :
n
n
1 XX
G(q) =
|qi − qj |.
2n i=1 j=1

(7)

As a side-note, Eq. (7) has been proposed previously for measuring ecological
evenness17 where qi denote individual species abundances. It can also be scaled by
dividing through by n(n − 1) rather than n2 so that the maximum of 1 is achieved
for any value of n.
Other well known inequality indices include the Bonferroni index11 , and the De
Vergottini index48 . The Bonferroni index is based on differences between the overall
mean income and the mean of the poorest n − i + 1 individuals. It can be expressed:
IV Inequality

indices and welfare functions can be referred to as relative or absolute. Relative
indices usually involve some normalization so that they take values over a given interval, while
absolute indices can often be understood in terms of the original units. For functions that are
shift-invariant and homogeneous, the relative and absolute indices will produce the same ordering
if used to compare two input sets.
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n
n
X
X
1
1
AM(x) −
B(x) =
x(j)  .
(n − 1) · AM(x) i=1
n − i + 1 j=i

(8)

We have used (n − 1) in the denominator rather than n to ensure a supremum
of 1.
In terms of q, the Bonferroni index is expressed


n
n
X
X
1

qj  .
B(q) = 1 −
n
−
i
+
1
j=i
i=1
The De Vergottini index on the other hand compares the total mean income
with the mean of the richest i individuals. Its normalized form is given by



i
n
X
X
1
1


x(j)  − 1 .
n · AM(x) i=1 i j=1

1

D(x) = Pn

1
i=2 i

(9)

Inequalities can be constructed in relation to welfare functions3 , which are defined as aggregation functions W : [0, b]n → [0, b] that satisfy S-concavity, i.e. in this
case transfers from rich to poor should increase the overall welfare evaluation. In
particular, we have the Gini welfare function
Ww (x) =

n
X

wi x(i) ,

(10)

i=1

where w satisfies 0 < w1 < w2 < · · · < wn .
We note that this is simply an OWA with increasing weights. Weak weight
inequalities ensures S-concavity, whereas strong weight inequalities assure strict Sconcavity (see proofs in the context of inequalities2 and OWA-based norms7 ).
Aristondo et al.3 noted that important classical indices of inequality can be
obtained as special cases of a dual decomposition with respect to Eq. (10). Denote
d
by Ww
the dual of the welfare function Ww , which for Eq. (10) is simply the same
expression with the order of the weights reversed. Then,

Iw (q) =

d
Ww
(q) − Ww (q)
.
2

(11)

Inequalities of this form are also referred to as the remainder of the welfare function
with respect to the dual decomposition30 . In particular, it was shown that the
Gini index G(x) corresponds with weights wi = 2n+1−2i
. The Bonferroni index,
n2
on the other hand, has a welfare function corresponding with a combination of the
Bonferroni and De Vergottini inequality indices (see Proposition 16 in Aristondo et
al.3 ).
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4. Economic Inequalities as Penalty Functions
We begin by observing that inequality measures at least coincide with penalty
functions when all inputs are equal, i.e. by the first two conditions in Definition 6,
P (x, y) is equal to 0 when all inputs are the same. Each penalty-based function is
necessarily idempotent but not necessarily monotone. Here, instead of considering
arg min P (x, y), we are interested in how the penalty associated with an aggregation
y

function, i.e. the value min P (x, y) can be related to inequality index frameworks.
y

We show that such a penalty P can be used to generalize existing indices and also
leads to some interesting new functions.
4.1. Penalties based on ordered weighted medians
If we consider the Gini index, we note that differences between pairs qi , qj can always
be expressed in terms of individual differences to the median, i.e. if two arguments
are either side of the median Med(q) = y, we have |qi − qj | = |qi − y| + |y − qj |,
while if y > qi > qj or qi > qj > y we have |qi − qj | = |qi − y| − |qj − y|.
The Gini index can hence be expressed as a penalty function which also has the
median as its minimizer. We have,

PGini (q, y) =

n
X

wi |qi − y|

(12)

i=1

. By correspondence with Eq. (4), we note that this expression
where wi = |n+1−2i|
n
is an ordered weighted median. The weighting vector w is obtained by noting the
number of |qi − qj | pairs that occur given their decreasing order. It does not verify
Sum(w) = 1, however for any scalar multiple we obtain the same minimizer y so
the form here merely ensures that we have equivalence with the Gini index. As a
function of x we can use weights wi = |n+1−2i|
n2 AM(x) .
We can verify that the median will be the solution for arg miny PGini (q, y) by
observing that for any weighting vector with a symmetric sequence around the
middle value, e.g. w = 15 (4, 2, 0, 2, 4), the minimizer for the OWM will simply be
the standard median.
We can also derive the weighting scheme by considering the inequality framework
based on the dual decomposition and remainder expression in Eq. (11):
n
P

Iw (q) =

wn+1−i qi −

i=1

n
P
i=1

2

wi qi
,

for the pairs, (qi , qn+1−i ) we have:
1
((wn+1−i − wi )qi + (wi − wn+1−i )qn+1−i )
2
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which becomes:
1
(wn+1−i − wi )(qi − qn+1−i ).
2
Given w is increasing, if qi > qn+1−i then wi < wn+1−i and vice versa, so (wn+1−i −
wi )(qi − qn+1−i ) ≥ 0. For y equal to the median we always have qi , qn+1−i either
side and so |qn+1−i − qi | = |qi − y| + |qn+1−i − y| and hence by setting vi = vn+1−i =
1
2 |wn+1−i − wi |, we will have
1
(wn+1−i − wi )(qi − qn+1−i ) = vi |qi − y| + vn+1−i |qn+1−i − y|.
2
Any inequality index representable in the framework of Eq. (11) can therefore
be expressed as a penalty function. These penalties are implicitly associated with
their minimizing value which will always be the median. Income proportions qi have
a larger penalty associated with them the further they are ordered from the median.
Based on the dual composition, we have the following proposition.
Proposition 1. Any inequality function representable in terms of the dual decomposition of an OWA based welfare function can be expressed as a penalty function
which is minimized by the median.
Proof. The result follows from the above where for each pair of inputs qi , qn−1+i
we have 12 (wn+1−i − wi )(qi − qn+1−i ) = vi |qi − y| + vn+1−i |qn+1−i − y|.
Whilst the correspondence with the dual decomposition ensures that penalties
with these weighting sequences that decrease toward the median clearly satisfy the
Pigou-Dalton principle, we could also consider vectors relating to a minimizer at
the k-th position.
For example, consider a weighting sequence (without normalization) such that
w = (4, 3, 2, 1, 0, 2, 8). For 7 inputs, the minimizer y will be the value q5 , and the
principle of transfers is still satisfied, however the penalty associated with q7 is
much higher than the penalty associated with q1 , so inequality is reduced more by
increasing the lowest income than reducing the highest.
4.2. Penalties based on generalized OWA operators
In the previous section, the penalty expressions implicitly associated the inequality
framework with the median value. Now we will consider a mean income based on
the generalized ordered weighted average of incomes with equal weights, GOWAg (q),
which is equivalent to an unweighted quasi-arithmetic mean. From this we define
an inequality Ig (q). Recall that for each input qi we contribute (g(qi ) − g(y))2 to
the penalty and note that for g(t) = t we obtain a sum equivalent to scaled sample
variance.
We will establish the following proposition. It considers Ig to take values over
the range [0, 1] by restricting g to finite generators with a range over [0, 1]. We
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note that vertical translations and scalar multiples of g do not affect the associated
mean, we therefore can assume g(0) = 0 and g(1) = 1. Generators with infinite
values at g(0) or g(1) need not be considered (as explained in footnotes below).
However derivatives g 0 and g 00 approaching +∞ at the endpoints of the domain by
itself will not result in violations to the Pigou-Dalton principle.
Proposition 2. For an (unscaled) inequality function Ig : Q → [0, 1] equal to the
penalty min P (q, y) associated with a generalized OWA, i.e.:
y

n
X
Ig (q) = min
(g(qi ) − g(y))2 ,
y

i=1

if the generator g : [0, 1] → [0, 1] is finite, increasing and twice differentiable over
the open interval (0, 1) and if:
(i) g is concave and g 2 is convex; or
(ii) g is convex and (g 0 (t))2 ≥ g 00 (t)(g(1) − g(t)) holds for t ∈ [0, 1],
then Ig satisfies the Pigou-Dalton principle.
Proof. Given y = g

−1



1
n

n
P


g(qi ) , we can express each term (g(qi ) − g(y))2

i=1

without reference to y and hence we obtain,

Ig (q) =

n
X

n

g(qi ) − g g

−1

i=1

1X
g(qi )
n i=1

!!!2
,

which simplifies to
Ig (q) =

n
X

!
g(qi )2

i=1

n

−

n

1 XX
g(qi )g(qj ).
n i=1 j=1

(13)

We wish to establish that for any qi > qj , progressive transfers, i.e. decreasing
qi and increasing qj will decrease the overall inequality Ig (q). Denote by I0i (qi ) the
partial derivative of Ig in the direction of the i-th component, we have,

I0i (qi ) =

2 0
· g (qi ) (n − 1)g(qi ) −
n


X

g(qj ) ,

∀j6=i

and we need to show that for any pairs such that qi > qj , a simultaneous decrease
in qi and increase in qj will result in an overall decrease. In other words, it must
hold that I0j (qj ) − I0i (qi ) is negative or simply that I0i (qi ) > I0j (qj ).
We therefore look at the second derivatives with respect to qi , which we will
denote by I00ii (qi ). If I00ii (qi ) > 0 for all q, then for any qi > qj it will hold that
I0i (qi ) > I0j (qj ).

Please cite this paper as: Beliakov G., Gagolewski M., James S., Penalty-based
and other representations of economic inequality, International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems 24(Suppl. 1), 2016, pp. 1-23.
doi:10.1142/S0218488516400018

14





n
X
2
I00ii (qi ) = g 00 (qi ) (n − 1)g(qi ) −
g(qj ) + g 0 (qi ) ((n − 1)g 0 (qi ))
n
j6=i





n
X
2(n − 1)  00
1
g (qi ) g(qi ) −
g(qj ) + (g 0 (qi ))2  .
=
n
n−1
j6=i

We consider two cases, g being concave and g being convexV .
(i) g concave
If g 00 < 0, i.e. g is concave, then we can ignore the sum involving the values
qj , j 6= i and hence I00ii will be positive as long asVI ,
g 00 (qi )g(qi ) + (g 0 (qi ))2 ≥ 0,

(14)

which leads to condition (i) of the proposition.
(ii) g convex
Let us denote the difference between g(qi ) and the mean of the remaining g(qj )
by δ. If g is convex then g 00 > 0 and we require,
g 00 (qi )δ + (g 0 (qi ))2 ≥ 0.
If δ is positive then the equation will be satisfied, so we need not be concerned
with g 0 being infinite at g(1). On the other hand, if g(qi ) is below the mean of the
remaining transformed values then δ will be negative and we hence require,
(g 0 (qi ))2 ≥ g 00 (qi )|δ|.
The second derivative hence needs to be smaller than the ratio of the square of the
first derivative to this difference. Furthermore, for any given qi the maximum |δ|
occurs where qj = 1, ∀j 6= i which gives us condition (ii).
We can now consider some examples to show the usefulness of the result. Consider the case of power means where g(t) = tr . The generator is concave when r < 1
and so for Ig to satisfy the Pigou-Dalton principle we require, (tr )2 to be convex,
which holds for 2r(2r − 1)t2r−2 > 0 or 0.5 ≤ r ≤ 1.
Corollary 1. An inequality function equal to the penalty associated with a power
mean M[r] will satisfy the Pigou-Dalton principle if 0.5 ≤ r ≤ 1.
1 P
at this point that if g were concave and approached −∞ for g(0) then g(qi )− n−1
j6=i qj
could be infinitely large and the equation would be violated (see the example for g(t) = ln t
following the proof). Similarly for convex g and g(1) = ∞ the product of g 00 and this difference
can be arbitrarily large and negative.
VI Observe that g 0 potentially being infinitely large at g(0) is not problematic here since the
difference between g(qi ) and the mean of g(qj ) would be negative in this case.
V Observe
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On the other hand, the concave generator g(t) = ln t which corresponds with the
geometric mean will not lead to a penalty that satisfies the Pigou-Dalton principle.
As a numeric example and noting that we cannot scale g so that it takes a range in
[0, 1],
min P ((0.001, 0.001, 0.001, 0.001, 0.496, 0.5), y) = 51.42864
y

< min P ((0.001, 0.001, 0.001, 0.001, 0.497, 0.499), y) = 51.42871.
y

As an example for convex generators, let us√consider generators of the form
12/2, then Ig (q) will satisfy the
g(t) = t(t+a)
1+a . It can be shown that if a ≥ 1 +
Pigou-Dalton principle, so a = 3 leads to an acceptable function whereas a = 2
does not.
2t+3
1
0
00
For a = 3 we have g(t) = t(t+3)
4 , g (t) =  4 , g (t)= 2 and g(1) = 1. By


2
2
1
condition (ii), since 2t+3
= 4t +12t+9
> 12 1 − t(t+3)
8 − 2t2 − 6t for
= 16
4
16
4
t ∈ [0, 1].
Proposition 2 is interesting in that only a small range of generating functions
seem suitable for modelling inequality in this framework. We note however that if
we consider the mean associated with Ig , i.e. the value that minimizes the penalty,
it can be thought of as an average proportion of income. For a concave increasing
generating function, the mean value (not necessarily the penalty) will always increase under progressive transfers, since for qi > qj the increase in g(qj ) will always
be greater than the decrease in g(qi ). We may prefer to observe strict satisfaction
of the conditions so that progressive transfers never leave the level of inequality the
same.

5. Inequality Measures and Their Relation to Spread Measures
While aggregation functions are used to give the central tendency of a data set or
its “typical” value, their use is often accompanied in analysis with an indication
of how much the data varies. In statistics we have – among others – the standard
deviation, variance, Fisher’s mean error, interquartile range, range and median absolute deviation, while the idea of modelling disagreement has taken hold in group
decision making as essential for reaching a final evaluation. Such data summaries
can be considered in the framework of spread measures24,25 .
Definition 10. An (absolute) symmetric spread measure is a function V : [0, b]n →
[0, ∞] such that
(i) for each x, y if it holds diff(x) ≤ diff(y), then V(x) ≤ V(y),
(ii) inf x∈[0,b]n V(x) = 0.
Note that (ii) in the above context is equivalent to stating that V(c, c, . . . , c) = 0
for all c ∈ [0, b].
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In practice, checking if a function V is a spread measure can often be performed
by rewriting it as a function of δ = (δ1 , . . . , δn−1 ) = diff(x). If V(δ) does not depend
on x(n) (and hence is shift invariant), it is nondecreasing with respect to each δi ,
and it holds V(0, 0, . . . , 0) = 0, then we get that V is a spread measure.
Let us study which of the considered penalties not only can be used to measure
inequality of a data distribution, but also the data spread. The question is interesting
as we already pointed out in the introduction that inequality and spread measures
seem to be related to each other.
Firstly, let us focus on inequality functions representable in terms of the dual
decomposition of an OWA-based welfare function. To recall, the Gini index is a
member of this class and all such measures can be expressed as a penalty function
minimized by the median, see Proposition 1.
Proposition 3. Let w be such that 0 < w1 < · · · < wn . Then
Pn
Pn
i=1 wn−i+1 qi −
i=1 wi qi
Iw (q) =
2
is a spread measure.
Proof. Fix q and let δ = (q1 − q2 , . . . , qn−1 − qn ). Under the convention that
Pv
Pn−1
j=u qj = 0 for v < u, it holds qi = qn +
k=i δk and of course δ ≥ 0. We have:
2Iw (δ) =

n
n−1
X
X
(wn−i+1 − wi )(qn +
δk )
i=1

= qn

k=i

n
X

(wn−i+1 − wi ) +

i=1

=

n−1
X
k=1

δk

n−1
X

(wn−i+1 − wi )

i=1
n
X
i=n−k+1

wi −

k
X

n−1
X

δk

k=i

!
wi

.

i=1

Pn
Pk
As w is increasing, i=n−k+1 wi − i=1 wi ≥ 0 for all k. Thus, Iw is a function
nondecreasing with respect to each δk . Moreover, it does not depend on qn and we
have that Iw (δ) = 0 for δ = 0. Hence, Iw is a spread measure.
Next, let us study functions equal to the penalty associated with a generalized
OWA, compare Proposition 2. However, as the only shift invariant generalized OWA
operators are the arithmetic mean and symmetric exponential means, we are going
to restrict the input data domain to the case qn = 0.
Proposition 4. Let g be a strictly increasing, twice differentiable, and continuous
generator with g(0) = 0 and g(1) = 1 and consider a function given by:
!2
n−1
n−1
X
1X
g(qi ) .
Ig (q1 , . . . , qn−1 , 0) =
g(qi ) −
n i=1
i=1
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Then Ig is a spread measure if and only if g is convex.
Proof. Again, for a given q let δ = (q1 − q2 , . . . , qn−1 − qn ). By (13) we have:
Ig (q) =

n
X

n

i=1

Ig (δ) =

n
X

g qn +

i=1

n−1
X

!2
δk

k=i

n

1 XX
g(qi )g(qj ).
n i=1 j=1

g(qi )2 −

n

n

n−1

X
1 XX
g qn +
−
δk
n i=1 j=1

! 
g qn +

k=i

n−1
X


δk  .

k=j

Under the assumption that qn = 0 and g(0) = 0 it holds:
!!2
!2
n−1
n−1
n−1
n−1
X
X
X
1 X
.
g
δk
Ig (δ) =
g
−
δk
n i=1
i=1
k=i

k=i

For any l:
n−1

X
∂
g
Ig (δ) = 2
∂δl
i=1
n−1
2X
−
g
n i=1

=2

l
X

g0

i=1

n−1
X

!
δk

g

0

n−1
X

k=i
n−1
X

1(i ≤ l)

δk

k=i

δk

! n−1
X
j=1

k=i
n−1
X

!

!
δk

g

k=i



n−1
X

g0 


δk  1(j ≤ l)

k=j
n−1
X
k=i

!
δk



n−1
n−1
1 X  X 
−
g
δk
n j=1
k=j

In order for Ig to be a nondecreasing function of each δl , we must verify that
∂Ig (δ)/∂δl ≥ 0.
Let us consider δ such that δ1 = · · · = δn−2 = 0. In such a case we require that:
0 ≤ g 0 (δn−1 ) (ng (δn−1 ) − (n − 1)g (δn−1 )) = g 0 (δn−1 ) g (δn−1 )
for any δn−1 ∈ [0, 1]. That is, g is necessarily convex.
To show
condition,
Pthat this is also a sufficient

P let us assume that
Pn−1
n−1
n−1
γn−1 = g
δk , γn−2 = g
k=n−2 δk − g
k=n−1 δk , . . . , γ1 =
P

P
 k=n−1
P

P

n−1
n−1
n−1
n−1
0
0
δ
−
g
δ
−g
δ
and
ρ
=
g
δ
,
ρ
=
g
k
n−2
k
k
k
n−1
k=n−2
k=2
Pk=1

P

k=n−1

P
n−1
n−1
n−1
0
0
g0
k=n−1 δk , . . . , ρ1 = g
k=1 δk − g
k=2 δk . Clearly, ρi , γi ≥ 0 for all
i. Now for any l we consider the inequality:

!  n−1
l
n−1
n−1
X
X
X
X n−1
X
0≤
ρk n
γk −
γk 

=

i=1

k=i

n−1
X



i=1

ρi 

n−1
X
j=1

k=i

j=1 k=j


γj (((in − ji) ∧ (ln − jl)) − (0 ∨ ((in − jn) ∧ (ln − jn)))) ,
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where ∧ and ∨ denote the binary min and max operators, respectively. It is easy to
verify that for any j, l ≤ n−1 it holds (in−ji∧ln−jl)−(0∨(in−jn∧ln−jn)) ≥ 0.
Thus, Ig is a spread measure if and only if g 0 (x) ≥ 0 for all x.
Based together on the above result and Proposition 2, we can easily derive new
functions that are both inequality as well as spread measures. However, in particular,
the only inequality function equal to the penalty associated with a power mean that
is at the same time a spread measure is based on g(t) = t, i.e., the arithmetic mean.
In other words, it is a function proportional to the classical sample variance.

6. Directions for future research
Just as ordinary aggregation functions may be conceived of as nondecreasing functions with respect to each element in a given vector and spread measures are nonincreasing mappings of iterated differences, social inequality measures are nonincreasing functions of cumulative sums. Given any x and denoting δ = diff(x) and
ζ = cumsum(x), it is quite easy to obtain x by applying cumsum on a transformed
version of δ as well as by applying diff on accordingly modified ζ. In this sense,
cumsum and diff may be conceived as dual operations. Also, note that intuitively
the diff operator can be viewed as a (discrete) derivative of a vector, while cumsum
mimics an (iterated) integral. Having said that, we have established a nice connection between the three classes of data aggregation tools.
For instance, we can easily check that the Gini index is merely a linear combination of ζ1 , . . . , ζn . Considering classical aggregation functions, but this time applied
on vectors of cumulative sums, may lead us to new and interesting inequality measures.
We have referred to expressions of inequality based on the highest small proportion of individuals controlling a disproportionate amount of income. This is how
the so-called k-index is defined33,37 . Interestingly enough, it also can be related to a
penalty based on the median. Here we can consider some functions based on Sugeno
integrals.
6.1. The k-index
The so-called k-index gives the value k ∈ [0.5, 1] such that the proportion 1 − k
of the individuals receives the proportion k of the income33,37 . For example, an
extreme case is when 1% of individuals control 99% of the wealth and hence here
the k value is 0.99. Such a value is similar to the Hirsch index36 (or h-index) used in
bibliometrics, which in turn is a special case of the Sugeno integral46 , an averaging
aggregation function defined with respect to a fuzzy measure.
Definition 11. Let [n] = {1, . . . , n}. A fuzzy measure v is a set function defined
on the power set of [n], i.e. v : 2[n] → [0, 1], such that:
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(i) A ⊆ B ⇒ v(A) ≤ v(B),
(ii) v(∅) = 0,
(iii) v([n]) = 1.
Definition 12. For a given set function v, the Sugeno integral is the function:
S(x) = max min(x(n−i+1) , v(Hi )),
i=1,...,n

where Hi = {i, i + 1, . . . , n}.
The k-index can be expressed as a Sugeno integral which takes the cumulative
sum values ζ = cumsum(q) as its arguments. We have:
S(ζ1 , ζ2 , . . . , ζn ) = max min(ζi , v(Hi )),
where v is the counting measure, i.e. a symmetric fuzzy measure given by v(A) =
|A|
n .
Sugeno integrals with respect to symmetric fuzzy measures actually correspond
with a median of the input vector appended to the sequence of fuzzy measure values,
i.e. Med(ζ1 , . . . , ζn , v([n]), v([n − 1]), v([n − 2]), . . . , v([1])). We therefore can express
k in terms of the following penalty,

k = arg min
y

n
X
i=1

|ζi − y| +

n
X

|v([i]) − y|.

i=1

Note that in this case, k is equal to the minimizer y, rather than the penalty
associated with it. The absolute minimum that can be achieved in terms of the
penalty occurs for k = y = 0.5 corresponding with inputs qi = 1/n for all i and
hence with zi = i/n. The penalty in this case will not be zero and hence here we
are not dealing strictly with a penalty-based function.
6.2. The g-index
Similarly to the k-index, the g-index21 (note here that g does not refer to the
generating function as we have discussed previously), which in informetrics and
bibliometrics counts the maximum number of papers written by an academic such
that the highest cited g papers have received g 2 citations in total. Originally, such
a function was used to quantify a scholar’s performance. However, in the context
of measuring inequality, the g-index can be interpreted as the proportion g of the
population earning (1 − g)2 of the total income. For proportional values ζ, this
function is in fact a Sugeno integral with respect to a fuzzy measure with v(A) =
|A|2 .
6.3. Relationship to entropy
Here we have studied functions with weighting parameters, however many functions
used in economics essentially apply weights that are equal to the proportional vectors. The entropy calculation is one such function and also satisfies the progressive
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transfer principle. In reverse to the approach we have taken here, we could consider
defining a mean from the entropy calculation. That is, we could find the value y,
which, when appended to the vector x, maximizes the total entropy in terms of
q ∈ Q,
Ent(q) = −

n
X

qi ln qi .

i=1

The corresponding mean would then have the form, MEnt (q) = arg max Ent(q, y).
y

The value y ∈ [0, 1] will be averaging with respect to the qi and as a maximizer of
entropy it can be expressed
!
n
y + 1 X qi
y+1
y
ln
+
ln
.
MEnt (q) = arg max
y
y+1
y
y+1
qi
i=1
It can also be calculated directly as, MEnt (x) = exp(−Ent(q)). The resulting averaging function is not monotone, however entropy is still a valid penalty representing
the reciprocal notion to inequality, and so such means might well be useful. In
ecology, an equivalent calculation known as Shannon’s diversity represents the ‘effective’ number of species as a ratio of the total number of species. The economic
interpretation then might be the effective number of individuals sharing in the overall wealth of a country or community. A similar index is Simpson’ diversity index,
Pn
Simp(q) = i=1 qi2 , which reaches a maximum of 1 for q = (1, 0, 0, . . . , 0) and minimum of 1/n when qi are equal. An inequality index based on this could be given
by 1/(n · Simp(q)).
7. Conclusion
We have shown that penalty functions can provide a useful framework for economic
inequality measures and established some results that show the conditions under
which penalties will satisfy the Pigou-Dalton principle. As with the dual decomposition, penalty functions are naturally affiliated with an averaging aggregation
function, the understanding of which can help with insight into the inequality function’s behavior and interpretation.
As well as establishing a general framework for defining penalties equivalent
to those based on OWA operators, we have shown that penalties related to quasiarithmetic means can be used, provided some generalized convexity requirements are
satisfied. We then established relationships between inequality measures and spread
measures and provided discussion about connections with entropy and functions of
cumulative sums.
While inequality in the context of welfare economics and penalties and spread in
the context of aggregation have been studied in their respective fields until recently,
it is clear that much can be gained in both these and other research fields by looking
at relationships between important results.
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